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A Multidimensional Hilbert-Type Integral
Inequality Related to the Riemann Zeta
Function
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Abstract In this chapter, using methods of weight functions and techniques of real
analysis, we provide a multidimensional Hilbert-type integral inequality with a ho-
mogeneous kernel of degree 0 as well as a best possible constant factor related to the
Riemann zeta function. Some equivalent representations and certain reverses are ob-
tained. Furthermore, we also consider operator expressions with the norm and some
particular results.
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1 Introduction
If p > 1, 1p +
1
q = 1, f (x),g(y)≥ 0, f ∈ Lp(R+),g ∈ Lq(R+),
|| f ||p =
{∫
∞
0
f p(x)dx
} 1
p
> 0,
||g||q > 0, then we have the following Hardy-Hilbert’s integral inequality (cf. [1]):∫
∞
0
∫
∞
0
f (x)g(y)
x+ y
dxdy < pi
sin(pi/p)
|| f ||p||g||q, (1)
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where the constant factor pi
sin(pi/p) is the best possible. If am,bn ≥ 0,a = {am}
∞
m=1 ∈
lp,b = {bn}∞n=1 ∈ lq, ||a||p = {∑∞m=1 apm}
1
p > 0, ||b||q > 0, then we still have the fol-
lowing discrete variant of the above inequality with the same best constant pi
sin(pi/p) ,
that is
∞
∑
m=1
∞
∑
n=1
ambn
m+ n
<
pi
sin(pi/p)
||a||p||b||q. (2)
Inequalities (1) and (2) are important in mathematical analysis and its applications
(cf. [1], [2], [3], [4], [5], [6], [7]).
In 1998, by introducing an independent parameter λ ∈ (0,1], Yang [8] presented
an extension of (1) for p = q = 2. In 2009 and 2011, Yang [4], [5] provided some
extensions of (1) and (2) as follows: If λ1,λ2,λ ∈ R,λ1 +λ2 = λ ,kλ (x,y) is a non-
negative homogeneous function of degree −λ , with
k(λ1) =
∫
∞
0
kλ (t,1)tλ1−1dt ∈ R+,
φ(x) = xp(1−λ1)−1,ψ(y) = yq(1−λ2)−1, f (x),g(y) ≥ 0,
f ∈ Lp,φ (R+) =
{
f : || f ||p,φ :=
{∫
∞
0
φ(x)| f (x)|pdx
} 1
p
< ∞
}
,
g ∈ Lq,ψ(R+), || f ||p,φ , ||g||q,ψ > 0, then we have∫
∞
0
∫
∞
0
kλ (x,y) f (x)g(y)dxdy < k(λ1)|| f ||p,φ ||g||q,ψ , (3)
where the constant factor k(λ1) is the best possible. Moreover, if kλ (x,y) is finite
and kλ (x,y)xλ1−1(kλ (x,y)yλ2−1) is decreasing with respect to x > 0 (y > 0), then
for am,bn ≥ 0,
a ∈ lp,φ =
a : ||a||p,φ :=
{
∞
∑
n=1
φ(n)|an|p
} 1
p
< ∞
 ,
b = {bn}∞n=1 ∈ lq,ψ , ||a||p,φ , ||b||q,ψ > 0, we have
∞
∑
m=1
∞
∑
n=1
kλ (m,n)ambn < k(λ1)||a||p,φ ||b||q,ψ , (4)
where, the constant factor k(λ1) is still the best possible.
Clearly, for λ = 1,k1(x,y) = 1x+y , λ1 = 1q ,λ2 = 1p , (3) reduces to (1), while (4)
reduces to (2). Some further results including a few multidimensional Hilbert-type
integral inequalities are provided in [9]-[19].
In this chapter, using methods of weight functions and techniques of real analy-
sis, we present a new multidimensional Hilbert-type integral inequality with a ho-
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mogeneous kernel of degree 0 as well as a best possible constant factor related to
the Riemann zeta function and the Gamma function, which is an extension of the
double case as follows:∫
∞
0
∫
∞
0
(
coth(x
y
)− 1
)
f (x)g(y)dxdy < Γ (σ)
2σ−1
ζ (σ)|| f ||p,ϕ ||g||q,ψ , (5)
where, ζ (·) is the Riemann zeta function and Γ (·) is the Gamma function (cf. [20],
[22]). Some equivalent forms and reverses are obtained. Furthermore, we also con-
sider the operator expressions with the norm and certain particular results. For a
number of fundamental properties of the Riemann zeta function and the Gamma
function, especially in Analytic Number Theory and related subjects, the reader is
referred to [21]-[27], [31].
2 Some Lemmas
If m,n ∈ N(N is the set of positive integers), α,β > 0, we define
||x||α :=
(
m
∑
k=1
|xk|
α
) 1
α
(x = (x1, · · · ,xm) ∈Rm),
||y||β :=
(
n
∑
k=1
|yk|β
) 1β
(y = (y1, · · · ,yn) ∈ Rn).
Lemma 1 If s ∈ N,γ,M > 0,Ψ(u) is a non-negative measurable function defined
in (0,1], and
DsM :=
{
x ∈ Rs+ : 0 < u =
s
∑
i=1
( xi
M
)γ
≤ 1
}
,
then we have (cf. [7])
∫
· · ·
∫
DsM
Ψ
(
s
∑
i=1
( xi
M
)γ)
dx1 · · ·dxs =
MsΓ s( 1γ )
γsΓ ( sγ )
∫ 1
0
Ψ(u)u
s
γ −1du. (6)
Lemma 2 (See [18]) If s ∈ N,γ > 0, and ε ≥ 0, then
∫
· · ·
∫
{x∈Rs+:||x||γ≥1}
||x||−s−εγ dx1 · · ·dxs =

Γ s( 1γ )
εγs−1Γ ( sγ )
ε > 0
∞ ε = 0
. (7)
Definition 1 For x = (x1, · · · ,xm)∈Rm+,y = (y1, · · · ,yn) ∈Rn+, σ > 1, we define two
weight functions ω(σ ,y) and ϖ(σ ,x), as follows
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ω(σ ,y) := ||y||−σβ
∫
Rm+
(
coth
||x||α
||y||β
− 1
)
dx
||x||m−σα
, (8)
ϖ(σ ,x) := ||x||σα
∫
Rn+
(
coth ||x||α
||y||β
− 1
)
dy
||y||n+σβ
, (9)
where cothu = eu+e−u
eu−e−u
is the hyperbolic cotangent function (cf. [28]).
By (6), setting v = Mu
1
α
||y||β , we find
ω(σ ,y) = ||y||−σβ limM→∞
∫
DmM
(
coth
||x||α
||y||β
− 1
)
dx
||x||m−σα
= ||y||−σβ limM→∞
∫
DmM
coth M||y||β [∑
m
i=1(
xi
M )
α ]
1
α − 1
Mm−σ [∑mi=1
(
xi
M
)α
]
m−σ
α
dx
= ||y||−σβ limM→∞
MmΓ m( 1α )
αmΓ (mα )
∫ 1
0
coth( M||y||β )u
1
α − 1
Mm−σ u
m−σ
α
u
m
α −1du
= ||y||−σβ limM→∞
MσΓ m( 1α )
αmΓ (mα )
∫ 1
0
(
coth(
M
||y||β
)u
1
α − 1
)
u
σ
α −1du
=
Γ m( 1α )
αm−1Γ (mα )
∫
∞
0
(cothv− 1)vσ−1dv,
and in view of the Lebesgue term by term theorem (cf. [29]), it follows∫
∞
0
(cothv− 1)vσ−1dv =
∫
∞
0
(
ev+e−v
ev−e−v
− 1
)
vσ−1dv =
∫
∞
0
2e−2vvσ−1
1−e−2v dv
= 2
∫
∞
0 ∑∞k=1 e−2kvvσ−1dv = 2∑∞k=1
∫
∞
0 e
−2kvvσ−1dv
= 2∑∞k=1 1(2k)σ Γ (σ) =
Γ (σ)
2σ−1 ζ (σ), (10)
where ζ (σ) = ∑∞k=1 1kσ , σ > 1.
Lemma 3 For σ , σ˜ > 1, we have
ω(σ ,y) = K2(σ) :=
Γ m( 1α )
αm−1Γ (mα )
Γ (σ)
2σ−1
ζ (σ)(y ∈ Rn+), (11)
ϖ(σ ,x) = K1(σ) :=
Γ n( 1β )
αn−1Γ ( nβ )
Γ (σ)
2σ−1
ζ (σ)(x ∈ Rm+), (12)
w(σ˜ ,y) := ||y||−σ˜β
∫
{x∈Rm+:||x||α≥1}
(
coth ||x||α
||y||β
− 1
)
dx
||x||m−σ˜α
= K2(σ˜ )
[
1−θσ˜(||y||β )
]
,
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and
θσ˜ (||y||β ) :=
2σ˜−1
Γ (σ˜ )ζ (σ˜ )
∫ ||y||−1β
0
(cothv− 1)vσ˜−1dv
= O(||y||−η˜β )(η˜ > 0;y ∈ R
n
+). (13)
Proof. By (10), we obtain (11). Similarly, we get (12). By (6) for Ψ(u) = 0(u ∈
(0,1/Mγ)), we find
w(σ˜ ,y) =
Γ m( 1α )
αm−1Γ (mα )
∫
∞
||y||−1β
(cothv− 1)vσ˜−1dv
=
Γ m( 1α )
αm−1Γ (mα )
×
[∫
∞
0
(cothv− 1)vσ˜−1dv−
∫ ||y||−1β
0
(cothv− 1)vσ˜−1dv
]
=
Γ m( 1α )
αm−1Γ (mα )
Γ (σ˜)
2σ˜−1
ζ (σ˜ )[1−θσ˜(||y||β )] .
Considering a constant γ ∈ (1, σ˜), we obtain
lim
v→0+
(cothv− 1)vγ = lim
v→0+
2vγ
e2v− 1
= lim
v→0+
2γvγ−1
2e2v
= 0,
lim
v→∞
(cothv− 1)vγ = 0.
There exists a constant L > 0, such that (cothv− 1)≤ Lv−γ .
Setting η˜ := σ˜ − γ(> 0), it follows
0 ≤ θσ˜ (||y||β )≤
2σ˜−1L
Γ (σ˜)ζ (σ˜ )
∫ ||y||−1β
0
vη˜−1dv = 2
σ˜−1L
Γ (σ˜)ζ (σ˜ )η˜
1
||y||η˜β
,
and then
θσ˜ (||y||β ) = O(||y||
−η˜
β )(y ∈R
n
+).
This completes the proof of the lemma.
Lemma 4 By the assumptions of Definition 1, if p ∈ R\{0,1}, 1p + 1q = 1, f (x) =
f (x1, · · · ,xm)≥ 0, g(y) = g(y1, · · · ,yn)≥ 0, then
(i) for p > 1, we have the following inequality:
J1 :=
{∫
Rn+
||y||−pσ−nβ
[ω(σ ,y)]p−1
[∫
Rm+
(
coth ||x||α
||y||β
− 1
)
f (x)dx
]p
dy
} 1
p
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≤
{∫
Rm+
ϖ(σ ,x)||x||p(m−σ)−mα f p(x)dx
} 1
p
, (14)
(ii) for 0 < p < 1 or p < 0, we obtain the reverses of (14).
Proof. (i) For p > 1, by Ho¨lder’s inequality with weight (cf. [30]), it follows
∫
Rm+
(
coth ||x||α||y||β − 1
)
f (x)dx
=
∫
Rm+
(
coth ||x||α||y||β − 1
)[
||x||
(m−σ)/q
α
||y||(n+σ)/pβ
f (x)
][
||y||(n+σ)/pβ
||x||
(m−σ)/q
α
]
dx
≤
{∫
Rm+
(
coth ||x||α||y||β − 1
)
||x||
(m−σ)(p−1)
α
||y||n+σβ
f p(x)dx
} 1
p
×
{∫
Rm+
(
coth ||x||α||y||β − 1
) ||y||(n+σ)(q−1)β
||x||m−σα
dx
} 1
q
= [ω(σ ,y)]
1
q ||y||
n
p+σ
β
×
{∫
Rm+
(
coth ||x||α||y||β − 1
)
||x||
(m−σ)(p−1)
α
||y||n+σβ
f p(x)dx
} 1
p
. (15)
Then by Fubini’s theorem (cf. [29]), we have
J1 ≤
{∫
Rn+
[∫
Rm+
(
coth ||x||α
||y||β
− 1
)
||x||
(m−σ)(p−1)
α
||y||n+σβ
f p(x)dx
]
dy
} 1
p
=
{∫
Rm+
[∫
Rn+
(
coth
||x||α
||y||β
− 1
)
||x||
(m−σ)(p−1)
α
||y||n+σβ
dy
]
f p(x)dx
} 1
p
=
{∫
Rm+
ϖ(σ ,x)||x||p(m−σ)−mα f p(x)dx
} 1
p
. (16)
Hence, (14) follows.
(ii) For 0 < p < 1 or p < 0, by the reverse Ho¨lder inequality with weight (cf.
[30]), we obtain the reverse of (15). Then by Fubini’s theorem, we can still obtain
the reverse of (14) and thus the lemma is proved.
Lemma 5 By the assumptions of Lemma 4,
(i) for p > 1, we have the following inequality equivalent to (14):
I :=
∫
Rn+
∫
Rm+
(
coth ||x||α
||y||β
− 1
)
f (x)g(y)dxdy
≤
{∫
Rm+
ϖ(σ ,x)||x||p(m−σ)−mα f p(x)dx
} 1
p
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×
{∫
Rn+
ω(σ ,y)||y||q(n+σ)−nβ g
q(y)dy
} 1
q
, (17)
(ii) for 0 < p < 1 or p < 0, we have the reverse of (17) equivalent to the reverses
of (14).
Proof. (i) For p > 1, by Ho¨lder’s inequality (cf. [30]), it follows that
I =
∫
Rn+
||y||
n
q−(n+σ)
β
[ω(σ ,y)]
1
q
[∫
Rm+
(
coth ||x||α
||y||β
− 1
)
f (x)dx
]
×
[
[ω(σ ,y)]
1
q ||y||
(n+σ)− nq
β g(y)
]
dy
≤ J1
{∫
Rn+
ω(σ ,y)||y||q(n+σ)−nβ g
q(y)dy
} 1
q
. (18)
Then by (14), we obtain (17).
On the other hand, assuming that (17) is valid, we set
g(y) :=
||y||−pσ−nβ
[ω(σ ,y)]p−1
(∫
Rm+
(
coth
||x||α
||y||β
− 1
)
f (x)dx
)p−1
,y ∈ Rn+.
Then it follows that
J p1 =
∫
Rn+
ω(σ ,y)||y||q(n+σ)−nβ g
q(y)dy.
If J1 = 0, then (14) is trivially valid; if J1 = ∞, then by (16), relation (14) reduces to
the form of an equality(= ∞). Suppose that 0 < J1 < ∞. By (17), we have
0 <
∫
Rn+
ω(σ ,y)||y||q(n+σ)−nβ g
q(y)dy = J p1 = I
≤
{∫
Rm+
ϖ(σ ,x)||x||p(m−σ)−mα f p(x)dx
} 1
p
×
{∫
Rn+
ω(σ ,y)||y||q(n+σ)−nβ g
q(y)dy
} 1
q
< ∞.
Therefore,
J1 =
{∫
Rn+
ω(σ ,y)||y||q(n+σ)−nβ g
q(y)dy
} 1
p
≤
{∫
Rm+
ϖ(σ ,x)||x||p(m−σ)−mα f p(x)dx
} 1
p
,
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and then (14) follows. Hence, (14) and (17) are equivalent.
(ii) For 0 < p < 1 or p < 0, similarly, we obtain the reverse of (17) which is
equivalent to the reverse of (14) and thus the lemma is proved.
3 Main Results and Operator Expressions
Let
Φ(x) := ||x||p(m−σ)−mα ,Ψ(y) := ||y||
q(n+σ)−n
β (x ∈ R
m
+,y ∈ Rn+),
by Lemma 3, Lemma 4 and Lemma 5, we obtain
Theorem 1 Suppose that α,β > 0, σ > 1, p ∈ R\{0,1}, 1p + 1q = 1, f (x)
= f (x1, · · · ,xm)≥ 0, g(y) = g(y1, · · · ,yn)≥ 0,
0 < || f ||p,Φ =
{∫
Rm+
Φ(x) f p(x)dx
} 1
p
< ∞,
and
0 < ||g||q,Ψ =
{∫
Rn+
Ψ(y)gq(y)dy
} 1
q
< ∞.
(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor K(σ), that is
I =
∫
Rn+
∫
Rm+
(
coth ||x||α
||y||β
− 1
)
f (x)g(y)dxdy < K(σ)|| f ||p,Φ ||g||q,Ψ , (19)
and
J :=
{∫
Rn+
||y||−pσ−nβ
(∫
Rm+
(
coth ||x||α
||y||β
− 1
)
f (x)dx
)p
dy
} 1
p
< K(σ)|| f ||p,Φ , (20)
where
K(σ) =
[
Γ n( 1β )
β n−1Γ ( nβ )
] 1
p
[
Γ m( 1α )
αm−1Γ (mα )
] 1
q Γ (σ)
2σ−1
ζ (σ). (21)
(ii) If 0 < p < 1 or p < 0, then we still have the equivalent reverses of (19) and
(20) with the same best constant factor K(σ).
Proof. (i) For p > 1, by the conditions, we can prove that (15) becomes a strict
inequality. Otherwise if (15) takes the form of equality, then there exist constants A
and B, which are not all zero, such that for a.e. y ∈ Rn+,
Title Suppressed Due to Excessive Length 9
A
||x||
(m−σ)(p−1)
α
||y||n+σβ
f p(x) = B
||y||(n+σ)(q−1)β
||x||m−σα
a.e. in x ∈ Rm+. (22)
If A = 0, then it follows that B = 0, which is impossible; if A 6= 0, then (22) reduces
to
||x||
p(m−σ)−m
α f p(x) =
B||y||q(n+σ)β
A||x||mα
a.e. in x ∈ Rm+,
which contradicts 0 < || f ||p,Φ < ∞. In fact by (7), it follows∫
Rm+
||x||−mα dx = ∞.
Hence (14) still assumes the form of strict inequality. By Lemma 3 and Lemma 4,
we deduce (20).
Similarly to (18), we still have
I ≤ J
{∫
Rn+
||y||q(n+σ)−nβ g
q(y)dy
} 1
q
. (23)
Then by (23) and (20), we obtain (19). It is evident by Lemma 5 and the assump-
tions, that the relations (19) and (18) are also equivalent.
For 0 < ε < p(σ − 1), we define f˜ (x), g˜(y) as follows
f˜ (x) :=
{
0, 0 < ||x||α < 1,
||x||
σ− εp−m
α , ||x||α ≥ 1,
g˜(y) :=
{
0, 0 < ||y||β < 1,
||y||
−σ− εq−n
β , ||y||β ≥ 1.
Then for σ˜ = σ − εp , by (7), we derive
0 ≤
∫
{y∈Rn+:||y||β≥1}
||y||−n−εβ O(||y||
−η˜
β )dy
≤ L∗
∫
{y∈Rn+:||y||β≥1}
||y||−n−(ε+η˜)β dy
= L∗
Γ n( 1β )
(ε + η˜)β n−1Γ ( nβ )
< ∞,
and in view of (7) and (13), it follows that
|| f˜ ||p,Φ ||g˜||q,Ψ
=
{∫
{x∈Rm+:||x||α≥1} ||x||
−m−ε
α dx
} 1
p
{∫
{y∈Rn+:||y||β≥1} ||y||
−n−ε
β dy
} 1
q
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= 1ε
{
Γ m( 1α )
αm−1Γ (mα )
} 1
p
{
Γ n( 1β )
β n−1Γ ( nβ )
} 1
q
,
and
I˜ : =
∫
Rn+
∫
Rm+
(
coth ||x||α
||y||β
− 1
)
f˜ (x)g˜(y)dxdy
=
∫
{y∈Rn+:||y||β≥1}
||y||−n−εβ w(σ˜ ,y)dy
= K2(σ˜)
∫
{y∈Rn+:||y||β≥1}
||y||−n−εβ
(
1−O(||y||−η˜β )
)
dy
=
1
ε
K2(σ˜)
[
Γ n( 1β )
β n−1Γ ( nβ )
− εOσ˜ (1)
]
.
If there exists a constant K ≤ K(σ), such that (19) is valid when replacing K(σ)
by K, then we obtain
Γ m( 1α )
αm−1Γ (mα )
Γ (σ˜)
2σ˜−1
ζ (σ˜)
[
Γ n( 1β )
β n−1Γ ( nβ )
− εOσ˜ (1)
]
≤ ε I˜ < εK|| f˜ ||p,Φ ||a˜||q,Ψ
= K
{
Γ m( 1α )
αm−1Γ (mα )
} 1
p
{
Γ n( 1β )
β n−1Γ ( nβ )
} 1
q
,
and thus K(σ) ≤ K(ε → 0+). Hence K = K(σ) is the best possible constant factor
of (19).
By the equivalency, we can prove that the constant factor K(σ) in (20) is the
best possible. Otherwise, by (23) we would reach a contradiction to the fact that the
constant factor K(σ) in (19) is the best possible.
(ii) For 0< p< 1 or p< 0, similarly, we can still obtain the equivalent reverses of
(19) and (20) with the best constant factor. This completes the proof of the theorem.
Corollary 1 Let the assumptions of Theorem 1 be fulfilled, and additionally, 0 <
|| f ||1 :=
∫
Rm+
f (x)dx < ∞, and 0 < ||g||1 :=
∫
Rn+
g(y)dy < ∞. Then,
(i) if p > 1, then we have the following equivalent inequalities with the best
possible constant factor K(σ), that is∫
Rn+
∫
Rm+
coth ||x||α
||y||β
f (x)g(y)dxdy < || f ||1||g||1 +K(σ)|| f ||p,Φ ||g||q,Ψ , (24)
{∫
Rn+
||y||−pσ−nβ
(∫
Rm+
coth ||x||α
||y||β
f (x)dx−|| f ||1
)p
dy
} 1
p
< K(σ)|| f ||p,Φ ; (25)
(ii) if 0 < p < 1 or p < 0, then we still have the equivalent reverses of (24) and
(25) with the same best constant factor K(σ).
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For m = n = α = β = 1 in Theorem 1 and Corollary 1, we obtain
Corollary 2 Suppose that σ > 1, p ∈ R\{0,1}, 1p +
1
q = 1,
ϕ(x) := xp(1−σ)−1,ψ(y) := yq(1+σ)−1(x,y > 0),
f (x) ≥ 0, g(y)≥ 0, as well as 0 < || f ||p,ϕ < ∞, and 0 < ||g||q,ψ < ∞. Then,
(i) for p > 1, we have (5) and the following equivalent inequality with the best
possible constant factor Γ (σ)2σ−1 ζ (σ), that is{∫
∞
0
y−pσ−1
[∫
∞
0
(
coth x
y
− 1
)
f (x)dx
]p
dy
} 1
p
<
Γ (σ)
2σ−1
ζ (σ)|| f ||p,ϕ ; (26)
(ii) for 0 < p < 1 or p < 0, we obtain the equivalent reverses of (5) and (26) with
the same best constant factor.
Moreover, if 0 < || f || := ∫ ∞0 f (x)dx < ∞, and 0 < ||g|| := ∫ ∞0 g(y)dy < ∞, then
(i) for p > 1, we have the following equivalent inequalities with the best possible
constant factor Γ (σ)2σ−1 ζ (σ), that is∫
∞
0
∫
∞
0
coth x
y
f (x)g(y)dxdy < || f || ||g||+ Γ (σ)
2σ−1
ζ (σ)|| f ||p,ϕ ||g||q,ψ , (27)
{∫
∞
0
y−pσ−1
[∫
∞
0
coth x
y
f (x)dx−|| f ||
]p
dy
} 1
p
<
Γ (σ)
2σ−1
ζ (σ)|| f ||p,ϕ , (28)
(ii) for 0 < p < 1 or p < 0, we obtain the equivalent reverses of (27) and (28)
with the same best constant factor.
By the assumptions of Theorem 1 for p > 1, in view of J < K(σ)|| f ||p,Φ , we define:
Definition 2 A multidimensional Hilbert-type integral operator
T : Lp,Φ(Rm+)→ Lp,Ψ1−p(R
n
+) (29)
is defined as follows:
For f ∈ Lp,Φ(Rm+), there exists a unique representation T f ∈ Lp,Ψ 1−p(Rn+), sat-
isfying
(T f )(y) :=
∫
Rm+
(
coth ||x||α
||y||β
− 1
)
f (x)dx(y ∈Rn+). (30)
For g ∈ Lq,Ψ (Rn+), we define the following formal inner product of T f and g as
follows:
(T f ,g) :=
∫
Rn+
∫
Rm+
(
coth
||x||α
||y||β
− 1
)
f (x)g(y)dxdy. (31)
Then by Theorem 1 for p > 1,0 < || f ||p,Φ , ||g||q,Ψ < ∞, we have the following
equivalent inequalities:
12 Michael Th. Rassias1 and Bicheng Yang2
(T f ,g)< K(σ)|| f ||p,Φ ||g||q,Ψ , (32)
and
||T f ||p,Ψ 1−p < K(σ)|| f ||p,Φ . (33)
It follows that T is bounded with
||T || := sup
f ( 6=θ)∈Lp,Φ (Rm+)
||T f ||p,Ψ 1−p
|| f ||p,Φ ≤ K(σ).
Since the constant factor K(σ) in (33) is the best possible, we obtain
||T ||= K(σ) =
[
Γ n( 1β )
β n−1Γ ( nβ )
] 1
p
[
Γ m( 1α )
αm−1Γ (mα )
] 1
q Γ (σ)
2σ−1
ζ (σ). (34)
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